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Abstract 

We say that a linear code C over a field F is triangular representable if there exists 
a two dimensional simplicial complex A such that C is a punctured code of the kernel 
ker A of the incidence matrix of A over F and there is a linear mapping between C and 
ker A which is a bijection and maps minimal codewords to minimal codewords. We show 
that the linear codes over rationals and over GF(p), where p is a prime, are triangular 
representable. In the case of finite fields, we show that this representation determines 
the weight enumerator of C. We present one application of this result to the partition 
function of the Potts model. 

On the other hand, we show that there exist linear codes over any field different from 
rationals and GF(p), p prime, that are not triangular representable. We show that every 
construction of triangular representation fails on a very weak condition that a linear code 
and its triangular representation have to have the same dimension. 

2000 MSC: 05C65, 94B05, 90C27, 55U10 

1 Introduction 

The aim of this paper is to introduce a theory of geometric representations of general linear 
codes. A seminal result of Galluccio and Loebl [1] asserts that the Ising partition function 
on graph G may be written as a linear combination of Pfaffians, where g(G) is the 

minimal genus of the closed Riemann surface in which G can be embedded. Recently, a 
topological interpretation of this result was given by Cimasoni and Reshetikhin [2]. We 
explain in Section fl.ll that the Ising partition function on graph G may be described as the 
weight enumerator of the cycle space C of G. Viewing the cycle space C as a linear code over 
GF(2), a graph G may be considered as a useful geometric representation of C which provides 
an important structure for the weight enumerator of C, see Theorem 11.11 This motivated 
Martin Loebl to ask, about more than 10 years ago, the following question: Which binary 
linear codes are cycle spaces of simplicial complexes? In general, for the linear codes with a 
geometric representation, one may hope to obtain a formula analogous to that of Theorem ll.il 
This question remains open. However, to extend the theory of Pfafnan orientations, it suffices 
to construct a geometric representation which carries over the weight enumerator only. This 
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was achieved in Rytff [3] for binary linear codes. In this paper we present results for general 
linear codes. By another result of Galluccio and Loebl [3J, the q-Potts partition function of 
graph G is determined by the row space of the oriented incidence matrix Oq of graph G over 
GF(q). The row space of Oq is a linear code, and so one surprising application of our results 
is a new formula for the q-Potts partition function, where q is a prime. 

We start with basic definitions. A linear code C of length n and dimension d over a field 
F is a linear subspace with dimension d of the vector space F n . Each vector in C is called a 
codeword. We define a partial order on C as follows: Let c = (tr, . . . , c n ), d = (<£ ,..., d n ) be 
codewords of C. Then c ^ d if c l 7^ implies d l ^ for all i = 1, . . . , n. A codeword d is 
minimal if c -< d implies c = d for all c. The weight w(c) of a codeword c is the number of 
non-zero entries of c. The weight enumerator of a finite code C is defined according to the 
formula 

W c (x) := J2 xW(c) - 

c£C 

Let C C F" be a linear code over a field F and let S be a subset of {1, ... ,n}. Puncturing a 
code C along S means deleting the entries indexed by the elements of S from each codeword 
of C. The resulting code is denoted by C/S. 

A simplex X is the convex hull of an affine independent set V in M. d . The dimension of X 
is |V| — 1, denoted by dimX. The convex hull of any non-empty subset of V that defines a 
simplex is called a face of the simplex. A simplicial complex A is a set of simplices fulfilling 
the following conditions: Every face of a simplex from A belongs to A and the intersection of 
every two simplices of A is a face of both. The dimension of A is max {dim X\ X G A}. Let A 
be a d-dimensional simplicial complex. We define the incidence matrix A = (Aij) as follows: 
The rows are indexed by (d — l)-dimensional simplices and the columns by d-dimensional 
simplices. We set 




1 if (d — l)-simplex i belongs to d-simplex j, 
otherwise. 



This paper studies 2-dimensional simplicial complexes where each maximal simplex is a tri- 
angle or an edge. We call them triangular configurations. The cycle space of A over a field 
F, denoted ker A, is the kernel of the incidence matrix A of A over F, that is {x|^4x = 0}. 
A linear code C is triangular representable if there exists a triangular configuration A such 
that C = ker A/5 for some set S and there is a linear mapping between C and ker A which 
is a bijection and maps minimal codewords to minimal codewords. For such S we write 
S = 5(kerA,C). 



1.1 Motivation 

Our motivation to study geometric representations of linear codes lies in the theory of Pfaffian 
orientation in the study of the Ising problem on graphs. In this section we use the notation 
from Loebl and Masbaum [5]. Let G = (V(G), E(G)) be a finite unoriented graph. We say 
that E' C E(G) is even if the graph (V(G),E') has even degree at each vertex. Let £(G) 
denote the set of all even sets of edges of G. The set of all even sets S (G) is called cycle space 
of graph G. Note that, graph G is 1-dimensional simplicial complex. Let Aq be its incidence 
matrix, then the set of characteristic vectors of the even sets forms the kernel of Aq over 
GF{2). 
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We assume that a variable x e is associated with each edge e, and define the generating 
polynomial for even sets, £q , in Z[(x e ) e& E(G)]j as follows: 



£g(x) 



e n 

E'eS(G) e&E' 



Let C be the kernel of the incidence matrix Aq of graph G. Then there is the following 
relation between the weight enumerator of C and the generating polynomial of even sets of G 



W c (x) = £ G (z) 



x Ve G E(G)' 



Next, we describe the equivalence of Ising partition function and the generating function 
of even subgraphs. The Ising partition function on graph G is defined by 



4 sing (/3) = Z^(x) 



Ising/ 



e PJe ve g E(G) 



where the J e (e G E(G)) are weights (coupling constants) associated with the edges of the 
graph G, the parameter f3 is the inverse temperature, and 



zlsing 



E 



n 



ct:V(G)->{1,-1} e={t t ,?;}e£;(G) 



The theorem of van der Waerden [6] (see Section 6.3] for a proof) states that Z^ mg (x) is 
the same as £g(x) up to change of variables and multiplication by a constant factor: 



4 sins (*) 



2 |V(G)| 




— \~ X g 



^g(^; 



The significance of geometric properties of graph G in studying the Ising partition function 
Zg ing (x) and the generating function of the even subsets of edges of G, £g(x), is expressed 
by the following theorem. 

Theorem 1.1 (Galluccio and Loebl pQ). // G embeds into an orientable surface of genus 
g, then the even subgraph polynomial £g( x ) can be expressed as a linear combination of 4 9 
Pfaffians of matrices constructed from the embedding ofG. 



1.2 Main results 

Theorem 1.2. Let C be a linear code over a field F, C C ¥ n , and let B be a basis of C such 
that for each b G B, each entry of b belongs to a cyclic subgroup G{b) of the additive group 
of the field F. Then C is triangular representable. Moreover, if C is finite, then there exists a 
triangular representation A such that: ifYl^o^z 1 * s the weight enumerator o/ker A then 

m 
i=0 

where e = (|5(ker A,C)| — n)/ dimC. 
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Corollary 1.3. The conclusion of Theorem holds for the linear codes over rationals and 
over GF(p), where p is a prime. 

Corollary 11.31 was proved for GF(2) in Rytff [3J. On the other hand, we have the following 
negative results for the remaining fields. 

Theorem 1.4. Let C be a linear code over a field F such that every basis B of C contains a 
vector b so that its entries f, p do not belong to the same cyclic subgroup of the additive group 
o/F. Then code C is not triangular representable. 

Corollary 1.5. Let F be a field different from rationals and GF(p), where p is a prime. Then 
there exists a linear code over F that is not triangular representable. 

In Rytif P| j for every triangular configuration A, we constructed a triangular configuration 
A' such that there exists a bijection between the cycle space over GF(2) of A and the set of 
the perfect matchings of A'. We conjecture that this result can be extended to other finite 
fields. Finally, see Section [3.21 for the multivariate versions of the above theorems. 



1.3 Potts model 

We give an application (suggested by Martin Loebl) of our results to the Potts partition 
function. The q-Potts partition function of a graph G is defined according to the formula 



X 



H(s) 



s:Vt->{0,...,g-l} 

The Hamiltonian H(s) is defined as ^ w£g w(uv)S(s(u), s(v)) where 5 is Kronecker delta and 
w{uv) is the weight of edge uv. The Potts partition function is one of the extensively studied 
functions in statistical physics; see the book by Loebl [7]. We note that 2-Potts partition 
function is equivalent to the Ising partition function and that P q (G,x) is also called the 
multivariate Tutte polynomial of G; see the survey by Sokal [SJ. 

Theorem 1.6. Let G be a connected graph such that all edges of G have the same weight w. 
Let q be a prime. Then there exists triangular configuration A such that if Yli=o a i x% * s ^ e 
weight enumerator of ker A then 



;..v) — — ^-^J2 n '"'" ii!U "" l ' )r2! 

1 l?j " ' 



ajX 

rp — W 

luv€E ^ j_Q 



where e is a positive integer linear in the number of edges of G. 
The case of different weights is treated in Section | 



2 Triangular representations 

In this section all computations are done over a fixed field F. Let Ai, A2 be subconfigurations 
of a triangular configuration A. We denote the set of vertices of A by V(A), the set of edges 
by -E(A) and the set of triangles by T(A). The difference of Ai and A2, denoted by Ai — A2, 
is defined to be the triangular configuration obtained from V(Ai) U E(A\) U T(A±) \ T(A2) 
by removing the edges and vertices that are not contained in any triangle in T(Ai) \ T(A2). 
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An abstract simplicial complex on a finite set V is a family A of subsets of V closed under 
taking subsets. Let X be an element of A. The dimension of X is \X\ — 1, denoted by dimX. 
The dimension of A is max{dimX|X € A}. Every simplicial complex defines an abstract 
simplicial complex on the set of vertices V, namely the family of sets of vertices of simplexes 
of A. We denote this abstract simplicial complex by A(A). The geometric realization of 
an abstract simplicial complex A is a simplicial complex A' such that A = A(A'). It is 
well known that every finite d-dimensional abstract simplicial complex can be realized as 
a simplicial complex in R 2d+1 . We choose a geometric realization of an abstract simplicial 
complex A and denote it by £7 (A). Let Ai,A2 be triangular configurations. The union of 
Ax, A2 is defined to be Ai U A2 := Q(A(Ai) U «4(A2)). We start with construction of basic 
building blocks. 



2.1 Triangular configuration B n 

The triangular configuration B n consists of n 
denote the triangles of B n by B™, . . . , .£>". 



disjoint triangles as is depicted in Figure [TJ We 



A A ■■■ A A 



Figure 1: Triangular configuration B n . 



2.2 Orientation 



An oriented triangular configuration A is a triangular configuration A with an assignment o : 
T(A) i->- {+, — } of signs to triangles. We denote the subset of triangles {t € T(A)\o(t) = +} 



by 



A 



and {t G T(A)\o(t) = -} by 



A 



2.3 Oriented tunnel f 

An empty triangle is a set of three edges forming a boundary of a triangle. 

The oriented tunnel T is defined by Figure [2j The oriented tunnel has two empty triangles 




Figure 2: Oriented triangular tunnel T. 
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{o, b, c} and {1, 2, 3}. The empty triangle {o, b, c} is called positive end of the tunnel, and the 
empty triangle {1,2,3} is called negative end. 

A tunnel is obtained from oriented tunnel by deleting the signs. 

Proposition 2.1. Let T be a tunnel and let v = { vt ) t€T ^ be a vector whose entries are 
indexed by triangles ofT satisfying: For each inner edge e, ^2 e€t v* = 0. Then v ta = v tb = v tc 
and v 1 = v t2 = v t3 , where for f £ {a, b, c, 1, 2, 3}, tt denotes the triangle ofT containing the 
edge f. Moreover, v ta = —v tx . □ 



2.4 Linking triangles by oriented tunnel 

Let A be an oriented triangular configuration. Let t\ and ti be two edge disjoint triangles of 
A. 

The link from t\ to t2 in A is the oriented triangular configuration A' defined as follows. 
Let T be an oriented triangular tunnel as in Figure Let t\,t\,t\ and t^t^t^ be edges of 
t\ and t2, respectively. We relabel edges of T such that {a, b, c} = |t}, t^, if} and {1,2,3} = 
{tl,4,4}. We let A' := A U f . 

Note that, the link has a direction, the triangle t\ is incident with the positive end of T 
in A', and t<i is incident with the negative end of T in A'. 

Analogously, we define linking from t\ to t% of edge disjoint t\,ti where at least one of 
t\,t2 is an empty triangle of A. 

Further, if A is (non-oriented) triangular configuration and ii, *2 are edge disjoint triangles, 
then link from t\ to t% is defined as above, but replacing oriented tunnel by tunnel. 



2.5 Triangular configuration 

Let C be a linear code of length n and dimension d over a field F. Let B = {b\, . . . , bd} be a 
basis of C. We say that a basis B is representable if for each b £ B each entry of b belongs to 
a cyclic subgroup G{b) of the additive group of the field F. In this section we suppose that 
the linear code C has a representable basis B. This is used in the key Proposition 12.21 bellow. 
We construct the triangular configuration A^ as follows. First, for every basis vector b we 
construct a triangular configuration A^. Then, the triangular configuration A^ is the union 
ofA£, beB. 

2.5.1 Triangular configuration A^ 

Proposition 2.2. Let ¥ be a field. Let a\, 02, . . . , ctfc be a subset of distinct non-zero elements 
of a cyclic subgroup G of the additive group o/F. Let n be a positive integer. Then there exists 
a triangular configuration Ai such that dim ker A4 = 1 and there exists a vector v € ker M 
having a\, 0,2, . . . , a& among its entries. Moreover, the vector v contains each entry at least 
n times and v is non-zero on all entries. 

The proof is postponed to Section 12.71 We recall that b is a basis vector of a representable 
basis B and that the length of C is n. Let b = (b , b 2 , . . . , b n ) and let ai, 02, . . . , a& be all 
different entries of b. Let M(b) and v(b) = { vt ) t€ x(M(b)) (^) ^ e a triangular configuration and 
a vector provided by Proposition 12.21 Next, we construct A^. We proceed in three steps. In 
the first step, the construction starts from B n L) A4(b). See Section f2.il for definition of B n . 
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In the second step, we make the following tunnels. Let J(b) be the set of indices of non- 
zero entries of b. Let g be an injection g : J(b) h-> T(A4(b)) such that Vj G J(b),v(b) 9 ^ = V . 
We note that g exists since the multiplicity of each in b is at most n. For each j G J{b) we 
create link by tunnel from the triangle g(J) to the triangle £?". 

In the third step, we remove the triangles g(j), j G </(&), from A?. An example of A^ for 
& = (ft 1 , 0, . . . , fr n "\ 0) is depicted in Figure EJ 




Figure 3: A^ represents a basis vector (b 1 , 0, . . . , b n 1 , 0) of C. 

Proposition 2.3. T/ie dimension o/ker A^ is eguaZ to 1. Moreover, there exists a generator 
u(b) of ker A£ suc/i tfwtf u(6)^ = ft- 5 ' for j = 1, . . . , n and u(bf ^ /or a// 1 G T(A£ - 5"). 

Proof. By Proposition ^. 2| the dimension of ker A4(b) is 1. The triangular configuration A^ is 
obtained from A4(b) LiB n by linking some disjoint triangles of B n by tunnel to some triangles 
of A4(b) and by removing triangles of M{b) that are linked by a tunnel. Hence, the dimension 
of ker A^ is 1. 

Let u be a vector from ker.A/f(&) given by Proposition 12.21 If entry W is non-zero, in 
construction of A4(b) we link the triangle B™ with a triangle t of T(A4(b)) such that u = bj 
and then we remove triangle t. Therefore by Proposition 12. 1\ we can extend vector u to u(b) 
such that u(b) B j = b 3 . If entry b k is zero, then triangle B™ is isolated. Therefore, u(b) B j = 0. 

The vector u given by Proposition 12.21 is non-zero on all entries. By Proposition 12.11 all 
entries indexed by triangles of tunnels linked to A4(b) are non-zero. Hence, u(b) ^ for all 
teT(A c b -B n ). □ 

2.5.2 Construction of A C B 

Triangular configurations A^, b G B, share only triangles of B n . Hence, A(A%) (~1 A(A^,) = 
A(B n ) holds for b / b'; b, b' G B. 

The triangular configuration A B is the union of A^, b G B. An example of a triangular 
configuration A C B is depicted in Figure 01 

We define the following vectors of ker A C B . The vector gen(A^) is defined as gen(A^)* := 
u(bY for t G T(A£) and gen(A^)* := for t G T{A B - A%). As a corollary of Proposition O 
we get: 

Corollary 2.4. E'ac/i entry of vector gen (A^) is non-zero on each entry indexed by a triangle 
of A^ — B n . Moreover, the vectors gen(A^), b G B, are linearly independent. □ 
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Definition 2.5. We define a linear mapping /: C i— > ker A^ in the following way: Let c be 
a codeword of C and let c = X^be-B a ^ be the unique expression of c, where a& € F. We 
define /(c) := ^ bgB gen(A^ ). The entries of /(c) are indexed by the triangles of Ag. Let 
i? = {1, ... ,n} be the set of coordinates of C. We define an injection fj, : R h-> T(A) as: 
^(i) = .B" for i = 1, . . . , n. 




Figure 4: An example of a triangular configuration A^, where B = {b\, . . . , bd}- 

Proposition 2.6. Denote \T (A^) | by m. Let c = (c 1 , . . . , c n ) and 

/(c) = (/(c) B ", . . . , f(c) B ", f(c) n+ \ /(c)" 1 ) . 

Then f(c) B i = cP for all j = 1, . . . ,n and all c S C. 
Proof. 

/(c) B " = J>gen(A^. 
beB 

By Proposition 12.31 and by definition of gen(A^), 

^a b gen(A^=^a^"=c''. 
beB beB 

□ 

Corollary 2.7. The linear mapping f is injective. □ 

Lemma 2.8. For each non-zero vector w o/ker A^ there exists b £ B and 7^ ^ such that 
yjt = lb gen(A^)* for all t € T(A£ - B n ) . 

Proof. The kernel ker B n is 0, since the triangles of B n are disjoint. Therefore, every non-zero 
vector w £ ker A c has a non-zero element w l ^ indexed by a triangle i £ ^(A^ — B n ) for 
some b £ B. 

Let j be an index such that bP 7^ 0. Let t\^ti ,t% be three triangles of A^ touching edges 
of Bj~. Then by proposition 12.11 w l1 = w t2 = w t3 . By Proposition 12.31 the dimension of A^ 
is 1. Hence, there is a non-zero scalar 7?, such that w t = 7f,gen(A^)* for all t E T(A^ — B n ). 

□ 
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Theorem 2.9. Let C be a linear code with a representable basis B and let A C B be the triangular 
configuration from this section. Then C = ker A B /S, where S is a set of indices. Moreover, 
the linear mapping f defined above is a bijection between the linear code C and ker A^ which 
maps minimal codewords to minimal codewords. 

Proof. By Proposition 12.61 the code C equals keiA B /S, where S is the set of triangles of 
A C B -B n . 

By Corollary 12. 7\ the mapping / is injective. It remains to be proven that dimC = 
dim ker A^. We show that every codeword w of ker A^ is in the linear span of {f(b)\b G B}. 
Let B{w) be the following set of basis vectors {b G B\3t G T(A^ — B n ) such that u>* / 0}. 
By Lemma I2T51 the set B(w) is not empty. By Lemma [278| vector w — J2b£B(w) 7b§ en (^b) 
is non-zero only on coordinates indexed by triangles of B n . Since keri? n = 0, vector w — 
J2beB( w ) lb gen(A^) is 0. Hence, the vector w is in the span of {f(h), ... , f{b d )}. 

Finally, we show that / maps minimal codewords to minimal codewords. Recall a partial 
order on C. Let r = (r , . . . , r n ), s = (s 1 , . . . , s n ) be codewords of C. Then r ^ s if r l ^ 
implies s % ^ for all i = 1, . . . , n. A codeword s is minimal if r -< s implies r = s for 
all r. Let s be a minimal codeword. Suppose on the contrary that f(s) is not a minimal 
codeword of ker A^. Then /(r) -< f(s) for some codeword r. Therefore, for all j = 1, . . . , n; 
f{r) B i ^ implies that f{s) B i ^ 0. By Proposition 12.61 r ^ = f( r ) Bj an d s- 7 = f{s) Bj , for 
all j = 1, . . . , n. Hence, r 3 ^ implies that s J ^ 0, for all j = 1, . . . , n. Thus, r -< s. This is 
a contradiction. □ 



2.6 Balanced triangular configuration A C B 

A triangular configuration A B is balanced if there is an integer e such that \T (A£) | -io(6) = e 
for all b £ B. This e is denoted by e (Ag). A code C is ewen if all codewords have an even 
weight. The following proposition is straightforward. 

Proposition 2.10. e (A C B ) = \T (A c b - B n ) \ j dimC □ 

Proposition 2.11. Let C be an even linear code with a representable basis B = {b\, . . . ,6^}. 
Let n be an integer. Then there exists a balanced triangular configuration A B such that 
n < e (A C B ). 

Proof. Let A B be the triangular configuration from Section [2.51 Let fe, = |T (A^.)| — w(bi) 
for i = 1, . . . , d. We suppose that k\ > &2 > • • • > kd, if not, we rename the indices. Every ki 
is even, since C is even. 

We expand the parts of A B by the following algorithm. First, we define two steps. Let 
A be a triangular configuration. Step A: We choose a triangle of A and subdivide it in the 
way depicted in Figure [6l This step increases the number of triangles of A by 6. Step B: We 
choose two triangles of A connected by an edge of degree 2 and subdivide them in the way 
depicted in Figure [71 This step increases the number of triangles of A by 4. 

We initialize the set / to {1}, then we apply the following procedure while the set / ^ 
{l,...,d}. 

Let i be the smallest index not in I. We repeatedly apply step A to A^. — B n until 
ki < — 6. Then, if ki = — 4, we apply step B to A^. — B n . If ki = ki^\ — 2, we apply 
step B to A^. — B n for every j G /, and step A to A^. — B". Then, we put the index i to I 
and repeat these steps. 
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Note that, we can apply step B to A%. — B n only if it contains two triangles connected by 
an edge of degree 2. If triangular configuration A^. — B n does not contain an edge of degree 

2, we apply step A to A£. — B n for every i = 1, . . . , d. Then, A£. — B n contains two triangles 
connected by an edge of degree 2. 

After this procedure, we have a balanced triangular configuration A^. If e (A^) < n, we 
repeatedly apply step A on A^. — B n for every i = 1, . . . , d unless e (A^) > n. 

□ 

Let c be a codeword of C and let c = YlbeB a bb °e the unique expression of c, where 
Of, € F. The degree of c with respect to a basis B is defined to be the number of non-zero 
a&'s. The degree is denoted by deg(c). 

Proposition 2.12. Let C be an even finite linear code over a field ¥ with a representable basis 
B and let A C B be a balanced triangular configuration provided by Proposition \2.11\ and let f : 
C i — y ker A^ be the linear mapping from Definition \2.5[ Then w(f(c)) = w(c) +deg(c)e (A^) 
for every codeword c € C. 

Proof. Write c as ^&eB a bb- Then, f(c) = YlteB a b g en (A^). Let / be the set of basis 
vectors b such that 0% 7^ 0. By Corollary 12. 4| vector /(c) has non-zero elements indexed 
by triangles of A^ — B n for all b € I. The number of these triangles is deg(c)e (A^), since 
\T (A£ -B n )\=e (A C B ) for all b € I and |/| = deg{c). By Proposition E3 / (c) B " = c j for 
j = 1, ... ,71. Hence, the number of non-zero coordinates indexed by triangles of B n is w(c). 
Therefore, w(f(c)) = w(c) + deg(c)e (A%). □ 

2.7 Proof of Proposition 12.21 
2.7.1 Oriented triangular sphere S m 




Figure 5: Oriented triangular sphere <S 8 . 

In this section we give a proof of Proposition 12.21 The oriented triangular sphere S m is 
a triangulation of a 2-dimensional sphere by m triangles, such that there is an assignment 
of sign '+' and '—'to triangles and every edge is incident with one '+' triangle and one '— ' 
triangle. An example is depicted in Figure [5] for m = 8. 

Proposition 2.13. Let ¥ be a field and let a be a non-zero element of F. Then keriS m = 
span({(a, — a, a, — a, . . . , a, — a)}). □ 
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Figure 6: Triangle subdivision 




Proposition 2.14. Let k,l be non-negative integers. Then there exists the oriented triangular 
sphere S m with m = 8 + 61 + 4k triangles. 

Proof. We construct the desired sphere S m from the sphere S 8 , depicted in Figure [5l by se- 
quentially subdividing triangles of S 8 in the way depicted in Figure [6] or [71 These subdivisions 
increase the number of triangles by 4 or by 6. 

□ 

2.7.2 Oriented triangular multisphere Ai^ 1>n2 n . 

In this subsection we construct the oriented triangular configuration which we call oriented 
triangular multisphere. We note that an important property of the oriented triangular multi- 
sphere which we use is that it has an even number of triangles. In the construction of oriented 
triangular multisphere we proceed in four steps. 

Step 1. Let ni,ri2, ■ ■ ■ ,rik be distinct positive integers and let M be an integer. We start 
with oriented triangular configuration 

Mi := Si U tu U t' 12 U S 2 U t 23 U t' 23 U • • • U t (k _ 1)k U t[ k _ 1)k U S k 

where tj^+i), ^(j+i) are empty triangles, i = 1, . . . ,k — 1; and Sj is oriented triangular sphere 

S m (see Section 12.7. lj) such that m > Ani and m > 2M for every i = l,...,k and every 
j = l,...,k. If k equals 1, the triangular multisphere A4n[ is Si. Recall that an empty 
triangle is a set of three edges forming a boundary of a triangle. 

Step 2. We make the following links between the triangles of A4±. For every i = 1, . . . , k— 1; 
we choose n^+i different triangles of Si (for this notation see Section I2.2j) and create the 
link by the tunnel from empty triangle to each chosen triangle. Then, we choose rij 
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Figure 8: Triangular multisphere M. 23 1 4 2 



different triangles of 



>(i+i) 



and create the link by the tunnel from each chosen triangle to 



that we linked 



empty triangle Then, we delete the triangles of Si and <S(i+i) 

with a tunnel from Ad\. We denote the resulting triangular configuration by M.2- 

Step 3. To achieve the even number of triangles of the multisphere we make the following 
links between the triangles of M.2- For every i = 1,... , k— 1; we choose 7ij + i different triangles 

of Si and create the link by the tunnel from empty triangle to each chosen triangle. 

Then, we choose different triangles of <S(i+i) an d create the link by the tunnel from 



each chosen triangle to empty triangle t' j( . Finally, we delete the triangles of 



and 



»(<+i) 



that we linked with a tunnel from The resulting triangular configuration is 

M 



oriented triangular multisphere M-^i n2 ... n 

Step 4. For every i = 1, . . . ,k — 1, we denote by the triangular configuration consisting 
of all the tunnels linked to oriented triangular sphere <Sj in steps 2,3. We denote the set 



of triangles 
M M 



u 



by 



M M 

J l n 1 ,n 2 ,...,n k 



+1 



and the set of triangles 



Si 



u 



by 



An example of A^^ n2 ... n . is depicted in Figure El 



Proof of Proposition \2.S[ Let g be a generator of G and let ni be such that ai = rii x g 



g + g + ■ ■ ■ + g- We show that the desired configuration A4 is oriented triangular multisphere 



M 



M 

ni,n 2 ,...,n fc 



; where M = n. First, we need to show that there is a vector v € ker A4 with 



entries containing the elements a\ , a% , . . . , ajt . We construct such vector v by setting coordi- 



nates indexed by the triangles of 



M 



+1 



(recall step 4 above) to and coordinates indexed 



12 



by the triangles of 



M 



to —a,- for i = 1, 



Now, we show that the vector v belongs to ker A4. Let e be an edge different from the 
edges of empty triangles t^ i+1 ^ and t'^ i+1 y Then the edge e is incident with two triangles 
and the equation indexed by e is en — en = 0. Let e be an edge of an empty triangle or 

A4 and ni + i triangles from 



t'ifc^y Then the edge e is incident with n« triangles from 



-(i+l) 



A* 



-M 



So, the equation indexed by e is 



n i+ i x di-rnx a i+ i 



n 



i+ 



l X (rij X g) - rii X (n m x 5) = 0. 



Hence, the vector u belongs to ker .M. 

A triangle path is a sequence of triangles ti,...,tk such that ti and ij+i have a common 
edge, for every i = 1, . . . , k — 1. Next, we prove a claim. 

Claim 2.15. Let e be an edge of M. Let ti,...,td be triangles incident with e in any order. 
Let v be a vector from ker M.. Then the entries of v indexed by t^, ■ ■ ■ , i<f are determined by 
the entry indexed by t\ . 



Proof of Claim 12.151 If e is neither an edge of an empty triangle nor t 

the edge e has degree 2 and the lemma follows. 



jn, then 



Suppose that e is an edge of an empty triangle or • The entries indexed by the 



triangles that belong to 



M 



i(i+iy 

have the same value, since they are connected by a triangle 



path such that each inner edge of the triangle path has degree 2 in M. The same holds for 



the entries indexed by the triangles of 



M 



that t\ belongs to 



M 



. Without loss of generality we can suppose 

+(*+!) 

and let t\ be an element of H2, ■ ■ ■ , tA that belongs to A4 

L J+(i+i) 

Let fi be the entry of v indexed by t\ and let v\ be an entry indexed by t\. If ui ^ G, we 
choose an appropriate scalar a S F such that a^i G G and set v := qu. Then the following 
equation holds 

n i+ i x vi = i%i x w z . (1) 

We show that there is only one solution V[. We use the fact that every cyclic subgroup G of 
the additive group of the field F has a prime or an infinite order. In the case of an infinite 
order, Equation [Tj has only one solution 17. In the case of a prime order, since the integers rii 
and nj+i do not divide the group order and by Lagrange's theorem, Equation [Tj has only one 
solution V[. End of proof of Claim [2.151 

Finally, we prove the proposition. Since there is a triangle path between any two triangles 
of A4 and by the above lemma, the dimension of the kernel ker A 7 ! is 1. From the definition 
of the vector v, all entries of v are non-zero. □ 



3 Weight enumerator 

In this section, we state the connection between the weight enumerators of finite linear codes 
and the weight enumerators of their triangular representations. 
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We define the extended weight enumerator (with respect to a fixed basis) by 

W£{x) := xW(c) - 
cec 

deg(c)=k 



If a code C has dimension d, then 



d 



W c (x) = Y,W^x). 

k=0 

Recall that a basis B is representable if for each b 6 B each entry of b belongs to a cyclic 
subgroup G(b) of the additive group of the field F. A code C is even if all codewords have an 
even weight. 

Proposition 3.1. Let C be an even finite linear code with a representable basis B and let A B 
be a balanced triangular configuration provided by Proposition \2.1l\ Then 

W* erA c B (x) = W*(x)x k < A B). 

Proof. Let / be the mapping from Definition 12.51 For every codeword c of degree k of C there 
is codeword /(c) of degree k of kerAg. By Proposition 12.121 w (f( c )) = w(c) + ke(A B \ 
Therefore, 

< A c(x)= Yl x w(m) = E ^ (c)+fce(A|) =W^x)x k < A B). 



/(c)GkerAC ceC 
deg(f(c))=h de f( c )= fc 



□ 



Proposition 3.2. Xei C 6e an even finite linear code of length n with a representable basis 
B and let A B be a balanced triangular configuration provided by Proposition \2.11\ Then the 
inequality ke (A B ) < w(d) < ke (A B ) + n holds for every codeword d of degree k o/ker A^. 

Proof. Let / be the mapping from Definition 12.51 By Proposition 12.121 w(d) = w(f~ 1 (d)) + 
ke (A B ). Since < w(f^ 1 (d)) < n for every d £ ker A^, the inequality ke (A B ) < w(d) < 
ke (A C B ) + n holds. □ 

Corollary 3.3. Let C be an even finite linear code of dimension d and length n with a 
representable basis B and let A B be a balanced triangular configuration provided by Proposi- 
tion \2.1f\ such thatn < e (A%). Denote e(A c B ) bye. Let^tT^ 

: l be the weight enumerator 

of ker A C B . Then 

ke+n 
i=ke 

Theorem 3.4. Let C be an even finite linear code of dimension d and length n with a repre- 
sentable basis B and let A B be a balanced triangular configuration provided by Proposition \2.1l\ 
such that n < e (A^V Denote e(A B \ by e. Let X^Jo™ a % x% be the weight polynomial of 
kcxA c B . Then 

de+n 

i mod e 



Wc(x) = Y a i x 
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Proof. The inequality w(c) < n holds for every codeword c £ C. Let / be the mapping from 
Definition 12.51 By Proposition 12.121 w(f(c)) = w(c) + deg(c)e for every codeword c of C. 
Since n < e, the following equality holds. 

w(f(c)) mod e = (to(c) + deg(c)e) mod e = iu(c). 

Hence, 

W c (x) = Y, 



de+n 

a iX imode . 

8=0 

□ 



3.1 Proof of Theorem Q 

The double code, denoted by C 2 , of a linear code C of length n is the code 

C 2 = {(c 1 ,...,c n lC 1 ,... ) c"):ceC}. 

Proposition 3.5. Let C be a linear code and let C 2 be its double code. Then, the double 
code C 2 is even and the code C is a punctured code of its double code C 2 and there is a 
linear bisection between C and C 2 that maps minimal codewords to minimal codewords and 
W c {x) = W C 2{x 1 2). □ 



Proof of Theorem \1. 6 A Let C 2 be the double code of C. The code C 2 is even. Let B 2 be 
the basis {(b 1 , . . . , b n , b 1 , . . . , b n )\b £ B} of C 2 . The basis B 2 is represent able. Let Ag be 

a balanced triangular configuration provided by Proposition 12.111 such that e ^A^ 2 ^ > 
where ni = 2n is the length of C 2 . We denote e ^A^ 2 2 ^ by e. By Theorem 12.91 the code 

C 2 is equal to ker A^/S" for some set of indices S' and there exists a linear bijection /' : 
C 2 i — y ker Am which maps minimal codewords to minimal codewords. By Proposition 13.51 
the code C is equal to C 2 / S" where S" = {n + l,...,2n} and there is a linear bijection 
/" : C 4 C 2 which maps minimal codewords to minimal codewords. Therefore, the code C 
is equal to ker Ag 2 /(S' U S"') and there is a linear bijection / : C H ker A^ 2 which maps 
minimal codewords to minimal codewords. Hence, the code C is triangular representable and 
A^ 2 is its triangular representation. We denote A^ 2 by A. 

By Proposition Eim e = |5'|/dimC 2 . Let 5(ker A,C) = 5' U S" . The cardinality \S"\ is 
equal to n. Hence, e = (|5(ker A,C)\ - n)/dimC 2 = (|5(ker A,C)\ - n)/dimC. 



If the code C is finite, the formula for the weight enumerator follows from Theorem | 
and from Proposition 13.51 

□ 

Proof of Corollary \1.3[ The additive group of GF(p), where p is a prime, is cyclic. In the case 
of rationals, we multiply the basis vectors by a sufficiently large integer, so that all vectors 
are integral. Hence, all elements of all basis vectors belong to the cyclic group of integers. 
Then, we use Theorem 11.21 □ 
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3.2 Multivariate weight enumerator 

Let C be a linear code of length n. Let R be the set of coordinates of C. The assignment of 
variables to coordinates is a mapping A from R to the set of indices of variables {1, . . . , k}. 
The multivariate weight enumerator of C is 

n 

Wc(xi, ... = ^ II X A(i)' 

cec i=i 

Theorem 3.6. Lei C be a finite linear code over a field F, C C F n . Let A 6e an assignment 
of variables. If C is triangular representable, then there exists a triangular configuration A 
and an injection fj, : {1, . . . , 2ra} h-> T(A) suc/i i/iai: i/ 

"n«2---«fc x i x 2 • • • x fc 

H+«2H Mfc<m 

ii>0,i 2 >0,...,i fe >0 

is the multivariate weight enumerator W^' A (xi,...,Xf ! ) o/kerA with the assignment of 
variables A' defined: X'(t) : = A(/i (i)) if t £ /i({l, . . . , n}) and A'(t) := A( / u _1 (t) — n) i/ 
i G /u({n+ 1,. . . ,2n}) and X'(t) := k if t fj,({l, . . . ,2n}). Then 

wA/ n V" „. . • ^1/2)^/2) (i fc _i/2) ((< fc mod e)/2) 

*i+*2H hifc<m 

H>0,i 2 >0,...,i fc >0 

where e = (|5(ker A, C)\ —n)f dimC. 

Proof. By Theorem 11.41 the code C has a representable basis -B. Let C 2 be the double code 
of C. Let £? 2 be the basis {(6\ . . . , b n , b 1 , . . . , b n )\b G B} of C 2 . The code C 2 is even and 
the basis B 2 is representable. Let A^ 2 be a balanced triangular configuration provided by 

Proposition 12.111 such that e ^A^ 2 2 ^ > rt2, where 712 = 2n is the length of C 2 . The desired 

configuration A is A^ 2 . We denote e (A) by e. By Theorem 12.9} the code C 2 is equal to 
ker A/5' for some set of indices 5'. By Proposition 13.51 the code C is equal to C 2 /S" where 
S" = {n + 1, . . . , 2n}. Therefore, the code C is equal to ker A/(5' U 5"). By Proposition ETOj 
e = |5'|/dimC 2 . Let 5(kerA,C) = 5' U 5". The cardinality |5"| is equal to n. Hence, 
e = (|5(kerA,C)| -n)/dimC 2 = (|5(ker A,C)\ -n)/dimC. 

We define an assignment of variables of C 2 in the following way: X"(i) := X"(n + i) := X(i) 
for i = 1, . . . , n. Let /i : {1, . . . , 2n} i— >■ T(A) be the injection from Definition 12.51 Then, 
5' = T(A)\ / u({l,-..,2n}). 

The weight of the variable indexed by j in a codeword c with respect to an assignment of 
variables A is the number of nonzero coordinates of c assigned to variable j. We denote this 
weight by u> A (c). Let / : C 2 h- >• ker A be the mapping from Definition 12.51 By Proposition 12.61 

/(c)* = C ^ _1 W for t G • • • , 2n}) and c G C 2 . For j = 1, . . . , k - 1 we have ^ A '(/(c)) = 

u$"(c), since A'(i) = k ± j for all t G 5' = T(A) \ //({l, . . . , 2n}) and A'(i) = A"(/i -1 (t)) for 
t G . . . , 2n}). The Hamming weight of c satisfies u;(c) = Yl*j=i w j(. c ) f° r arbitrary 

A. By Proposition I2.12( w(f(c)) = w(c) + deg(c)e for every codeword c of C 2 . From this 
equation we subtract equations Wj (/(c)) = Wj (c) for j = 1, . . . , k — 1. Hence, w; A (/(c)) = 
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w k ( c ) + deg(c)e. The inequality w(c) < 2n holds for every codeword c € C 2 . Since 2n < e, 
the following equality holds. 

w k (f( c )) mod e = (c) + deg(c)e) mod e = (c). 

The weights of codewords of a code and its double code satisfy 2u^((c 1 , . . . , c n )) = 
wj ((c 1 , . . . , c n , c 1 , . . . , c n )) for every j = 1, . . . , k. Hence, 

W X (ti t,)- V a- ■ ■ ^i/SWWS) _(**-i/2) ((t* mod e)/2) 

«i+«2H hife<m 

il>0,i 2 >0,...,i fc >0 

□ 

Theorem 3.7. Lei G be a connected graph and let n be the number of edges of G. Let 
E = {ei,...,e n } be the set of edges of G and let w : E i-> {w\,...,Wk} be weights of 
edges of G. Let q be a prime. Then there exists triangular configuration A and an injection 
H : {1, . . . , 2n} i — y T( A) such that if 



2i l k— 1 Ik 



il+l2-\ hifc<m 

ii>0,i 2 >0,...,i fe >0 

is the multivariate weight enumerator W^ ev A (x±, . . . , Xk) o/kerA over GF(q) with the as- 
signment of variables X' defined: X'(t) := i if t G . . . , n}) and w(e^-i^) = Wi or 
t E /i({n + 1, . . . , 2n}) and w(e fl -i^_ n ) = W{, and X'(t) := k if t ^ yu({l, . . . , 2n}), then 
P q (G,x) equals 

-w 1 (i 1 /2) -tu fc _ 1 (i fe _i/2) „-tUfc((tfc mod e)/2) 



TT r -w(uv) ^OS-Jfc 

lluue-E ii+i 2 H hi fc <m 

il>0,i 2 >0,...,i fc >0 

where e is a positive integer linear in number of edges of G. 
Proof. The proof follows from the following calculations. 

^S(s(u),s(v))w(uv) — w(uv) 
uveE s:Vi->{0,...,q-l} uveE 

Let cut(s) be the set of edges uv of G such that s(u) ^ s(f). Then 

-w(uv) 

s:Vh^{0,...,cj-1} m>€E s:Vi->{0,...,g— 1} uuecut(s) 

The following part of this proof is taken from Galluccio and Loebl [3] and modified for the 
multivariate enumerator. Let z be a vector from GF(q)\ v ( G ^ defined as z v := s(v). Let Oq 
be an oriented incidence matrix of G. Then, e € cut(s) if and only if (OTz) e 7^ 0. Hence, 



Y[ x - w ^p q {G,x)= 1 1 



e n e n < 

s:Ws.{0,..., 9 -l} ™ecut(s) z€GF(q)\ v ( G )\ {O T z) uv ^0 

uv&E(G) 



9 

-w(uv) 



17 



Let C equals {Oqz\z G GF(q)}. Let us define an equivalence on GF(q)\ v ( G ^ by w = z if 
OqW = OqZ. Observe that each equivalence class consists of q elements since OqW = OqZ if 
and only if z — w is a constant vector. Hence, 

yi n x~ w{uv) =iYi n x~ w(uv) =qJ2 n x~ whuv) 

z&GF(q)\ v ( G )\ (O T z) uv y£0 c€C c„„^0 ceC c uv ^0 

uv€E(G) uveE(G) uvGE(G) 

= qW£(x- w \...,x- w % 

where A is the assignment of variables defined: X(uv) := i if w(uv) = Wi, for i = 1, . . . , k. By 
Corollary II. 3 [ C is triangular represent able. By Theorem 13.61 



£(v~ m rr~ w * \ = n V s n - , i x~ Wl ^ il ^ 2 ^ x - w k-i{ik-l/^) x ~w k {{i k mod e)/2) 



gW c A (x- a,1 ,...,x- w *) = g ^ a ili2 ... 

ii>0,i 2 >0,...,i fe >0 

where e = (|S(ker A,C)| - | J B(G)|)/dimC. 



□ 

Theorem 11.61 follows from the above theorem. 



4 Triangular non-representability 

In this section we prove a sufficient condition for triangular non-representability. We will 
show that for non-prime fields every construction of triangular representation fails on very 
weak condition that a linear code and its triangular representation have to have the same 
dimension. 

Proof of Theorem ] 1.4\ First, we observe that the field F contains a proper subfield P. We use 
the fact that every field contains a prime subfield P isomorphic to rationals or GF(q), where 
q is a prime, and the fact that every two elements of a prime field belong to a common cyclic 
subgroup of the additive group of the prime field. 

We can view the field F as a vector space over P. This space can have an infinite dimension. 
An element / of F is equal to (/ , / 2 , . ..), where / l 's are elements of P. We identify the 
vectors (J 1 , 0,0, . . . ) that have only first non-zero coordinate with the subfield P. Let / = 
(Z 1 ; / 2 i / 3 ) ■ ■ ■ ) be an element of F. We define two projections on the vector space F over P: 

[/]!:= (/\0,0,...) 

and 

[/] 2 + := (0,/ 2 ,/ 3 ,...). 

Note that, [f] 1 G P for all / € F, and [f] 2+ = or [/] 2 + € F \ P for all / G F. 

For a contradiction suppose that the linear code C is triangular represent able. We say 
that a vector of C is bad if it has two entries which belong to no common cyclic subgroup. 
Let A be a triangular representation of C. Let B be a basis of C with the minimum number 
of bad vectors. Let b G B be a bad vector. We recall that each basis B has a bad vector by 
assumptions of the theorem. 
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The bad vector b contains two entries p, f which belong to no common cyclic subgroup. 
We can suppose that p belongs to P, otherwise we choose a non-zero scalar a such that apGP 
and replace b by ab in basis B. Then, the entry / belongs to F \ P. 

Let v be a vector from ker A. We define two projections: 

H 1 := (b 1 ] 1 ,b 2 ] 1 ! b 3 ] 1 >--0 

and 

M 2 + :={[v^\[v 2 f\[v^\...). 

Since every element of the incidence matrix of A is or 1, the projections [v] 1 and [v} 2+ of 
every vector v G ker A belong to ker A. 

Since the linear code C is a punctured code of ker A and the codes C and ker A have 
the same number of codewords, we can define mapping g from C to ker A such that c is a 
punctured codeword of g(c) for every c € C. The mapping g is linear and bijective. 

The set B A := {g(b)\b € B} is a basis of ker A. The equation g(b) = [gib)} 1 + [g{b)} 2+ 
holds. Since g(b) contains both entries p and /, both vectors [s'(fr)] 1 and [g(b)] 2+ are non-zero. 
The vectors [gib)] 1 and g[(b)] 2+ are linear independent. Hence, one of the vectors [g(fr)] 1 or 
[g(b)} 2+ does not belong to span(i?A \ {<?(&)})• We denote this vector by g(b'). 

Hence, the set {g(b')} UB A \ {g(b)} is a basis of ker A and the set B' := {b 1 } UB\{b} is 
a basis of C. Now, basis B' has smaller number of bad vectors than B, a contradiction with 
the minimality of B. 

□ 

Proof of Corollary \1.5[ We know that the field F contains a proper subfield P. Let p be 
an element of P and let / be an element of F \ P. By Theorem 11.41 the linear code C = 
span({(/,p)}) over F is not triangular represent able. □ 
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